SYMMETRIES ON ALMOST SYMMETRIC NUMERICAL 

SEMIGROUPS 



HIROKATSU NARI 

Abstract. The notion of almost symmetric numerical semigroup was given by 
V. Barucci and R. Froberg in [BF]. We characterize almost symmetric numerical 
semigroups by symmetry of pseudo-Frobenius numbers. We give a criterion for H* 
(the dual of M) to be almost symmetric numerical semigroup. Using these results 
we give a formula for multiplicity of an opened modular numerical semigroups. 
Finally, we show that if Hi or H2 is not symmetric, then the gluing of Hi and H2 
is not almost symmetric. 



1. Introduction 

Let N be the set of nonnegative integers. A numerical semigroup H is a subset of 
N which is closed under addition, contains the zero element and whose complement 
in N is finite. 

Every numerical semigroup H admits a finite system of generators, that is, there 
exist ai, an E H such that H = (ai, a„) = {AiOi + ■ ■ ■ + A„a„ | Ai, A„ G N}. 

Let if be a numerical semigroup and let {ai < 02 < ■ • ■ < a„} be its minimal 
generators. We call Oi the multiplicity of H and denote it by m{H), and we call n the 
embedding dimension of H and denote it by e{H). In general, e{H) < m{H). We say 
that H has maximal embedding dimension if e{H) = m{H). The set G{H) ■.= N\H 
is called the set of gaps of H. Its cardinality is said to be the genus of H and we 
denote it by g{H). 

If if is a numerical semigroup, the largest integer in G{H) is called Frobenius 
number of H and we denote it by F(ii). It is known that 2g{H) > F{H) + L We 
say that H is symmetric if for every z G Z, either z E H ot F{H) — z E H, or 
equivalently, 2g{H) = F{H) + 1. We say that H is pseudo-symmetric if for every 
z e Z, z F{H)/2, either z G ii or F(ii') - z e H, or equivalently, 2g(ii) = 
F(ii) + 2. 

We say that an integer x is a pseudo-Frobenius number of Hifx^H and x+h G H 
for all /i G if, /i 7^ 0. We denote by PF(ii') the set of pseudo-Frobenius numbers 
of H. The cardinality in PF(if) is called the type of H, denoted by t(if). Since 
F(ii') G PF(ii'), H is symmetric if and only if t(if) = 1. 

This paper studies almost symmetric numerical semigroups. The concept of al- 
most symmetric numerical semigroup was introduced by V. Barucci and R. Froberg 
[BF]. They developed a theory of almost symmetric numerical semigroups and gave 
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many results (see [Ba], [BF]). This paper aims at an alternative characterization of 
almost symmetric numerical semigroups, (see Theorem 2.4). 

In [BF] the authors proved that H is almost symmetric and has maximal embed- 
ding dimension if and only if H* — M — M (the dual of M) is symmetric, where 
M denotes the maximal ideal of if. In Section 3 we will study the problem of when 
H* is an almost symmetric numerical semigroup. 

The notion of opened modular numerical semigroup was introduced by J. C. 
Resales, and J. M. Urbano-Blanco [RU]. In section 4 we will give a formula for 
multiplicity of an opened modular numerical semigroups. Also, we prove that opened 
modular numerical semigroups are almost symmetric. 

Proportionally modular and symmetric numerical semigroups generated by three 
elements were investigated by J. C. Rosales, P. A. Garcfa-Sanchez and J. M. Urbano- 
Blanco in [RGU2] . In section 5 we will study the proportionally modular and pseudo- 
symmetric numerical semigroups generated by three elements. 

Let H = (ai, 02, • • • , a„) be a numerical semigroup. For a fixed field k and a 
variable T over k, let R = k[H] = /c[T"i, T"^, . . . , T""] be the semigroup ring of H. 
We say that if is a complete intersection if the semigroup ring k[H] is a complete 
intersection. The notion of gluing of numerical semigroups was introduced in C. 
Delorme [De], he proved that a numerical semigroup is a complete intersection if 
and only if it is a gluing of two complete intersection numerical semigroups, and 
gave many interesting results (see [De] 10. Proposition.). In the last section 6 we 
show that for two numerical semigroups Hi and H2, if Hi or H2 is not symmetric, 
then the gluing of Hi and H2 is not almost symmetric. 

2. Almost symmetric numerical semigroups 

Let if be a numerical semigroup and let n be one of its nonzero elements. We 
define 

Ap(ii, n) = {heH\h-n^H}. 

This set is called the Apery set of h in H. By definition, Ap{H,n) = {0 = 
w{0),w{l), . . . ,w{n — 1)}, where w{i) is the least element of H congruent with i 
modulo n, for alH e {0, . . . , n — 1}. We can get pseudo-Frobenius numbers of H 
from the Apery set by the following way: Over the set of integers we define the 
relation <h, that is, a <h b implies that b — a & H. Then we have the following 
result (see [RG] Proposition 2.20). 

Proposition 2.1. Let H be a numerical semigroup and let n be a nonzero element 
of H . Then 

PF(ii') — {ui — n \ ui is maximal with respect to <h in Ap{H, n)}. 

It is easy to check that F(ii") = max Ap(ii", n)—n and g(if ) = ^ J2heAp{Hn) ^~^T^ 
(see [RG] Proposition 2.12). 

Let if be a numerical semigroup. A relative ideal / of if is a subset of Z such 
that I + H C I and h + I = {h + i \ i e 1} C H ior some h e H. An ideal of if 
is a relative ideal of if with I C H. It is straightforward to show that if I and J 
are relative ideals of if, then I — J :— {z e Z \ 2;-|-JCf}isa also relative ideal of 
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H . The ideal M := H\ {0} is called the maximal ideal of H. We easily deduce that 
M -M ^HU PF{H). We define 

K^Kh-.^ {F(H) -z\z^H}. 

It is clear that H C K and X is a relative ideal of H. This ideal is called the 

canonical ideal of H. 

We define N{H) := {h E H \ h < F{H)}. We aheady know that if /i G N{H), 
then F{H) - h ^ H , and if f e PF{H), ^ F{H), then F{H) - f ^ H. Then the 
map 

N{H)U[PF{H)\{F{H)}] G{H) 

h ^ F{H)-h 

is injective, which proves the following. 

Proposition 2.2. Let H be a numerical semigroup. Then 

2g{H)>F{H)+t{H). 

Clearly, if a numerical semigroup is symmetric or pseudo-symmetric, then the 
equality of Proposition 2.2 holds. In general, a numerical semigroup is called almost 
symmetric if the equality holds. 

Proposition-Definition 2.3. [Ba] [BF] Let H be a numerical semigroup. Then 
the following conditions are equivalent. 

(1) Kh CM- M. 

(2) z ^ H implies that either F{H) - z e H or z e PF{H). 

(3) 2g{H) = F{H)+t{H). 

(4) KM-M^M-m{H). 

A numerical semigroup H satisfying either of these equivalent conditions is said 
to be almost symmetric. 

It is easy to show that if H is symmetric or pseudo-symmetric, then H is almost 
symmetric. Conversely, an almost symmetric numerical semigroups with type two 
is pseudo-symmetric (see Corollary 2.7). 

We now give a characterization of almost symmetric numerical semigroups by 
symmetry of pseudo Probenius numbers. 

Theorem 2.4. Let H he a numerical semigroup and let n be one of its nonzero 
elements. Set Ap{H,n) = {0 < cti < • • • < a^} U {^i < ^2 < • • • < A(J?)-i} with 
m^n- t{H) and PF{H) ^ {pi-n,a^-n = F{H) | 1 < i < t{H) - 1}. We 
put fi = f3i — n and ft(^H) — ctm — n — F{H). Then the following conditions are 
equivalent. 

(1) H is almost symmetric. 

(2) ftj -|- am-i — otm for a/H e {1, 2, . . . , m — 1} and /3j + (3i(^H)-j ~ ol^ + n for 
a//je{l,2,...,t(iJ)-l}. 

(3) fi + ft{H)-i = for all z e {1, 2, . . . , t{H) - 1}. 
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Proof. For simplicity, we put t = t{H). 

(1) => (2). Since ai — n^H, F{H) — (aj — n) = 0;^ — G H and — {c^i — n) ^ 
H, by 2.3 (2). Hence — e Ap(if, n). If — «i = /3j for some j, then 
F(if) = ai + fj e if. Hence we have that cti + a^.j = q;^ for alH e {1,2,..., m— 1}. 
Next, we see that pj + /3t-j = Q;^+m(if) for all j e {1, 2, . . . , i — 1}. Since am — ^j — 
F{H) - fi ^ H, by 2.3 (2) we get am - e PF{H), that is, am - = Pt{H)-j - n 
for all J e {1,2,... A - 1}. 

(2) =^ (3). By hypothesis, {/3j-n) + {/3t-j-n) = am -n implies fj + ft- j = F{H). 

(3) (1). In view of Proposition-Definition 2.3, it suffices to prove that K C 
M - M. Let X e K and X = F{H) - z for some Z ^ H. If z e PF{H), then 
X e PF{H) by condition (3). If z ^ PF{H), then z + he PF{H) for some he M. 
Then x = F{H) - {z + h) + h e H, since F(i/) - + /i) G PF{H). Hence we have 
that H is almost symmetric. □ 

Remark 2.5. When H is symmetric or pseudo-symmetric, the equivalence of (1) and 
(2) is shown Proposition 4.10 and 4.15 of [RG] 

Example 2.6. (1) Let H = (5,8,11,12). Then Ap{H,5) = {0,8,11,12,16} and 
PF{H) — {6, 7, 11}, we see from Theorem 2.4 (3) that H is not almost symmetric. 
(2) Let a he an odd integer greater than or equal to three and let H = {a,a + 
2, a + 4, ... ,3a — 2). H has maximal embedding dimension, so that PF[H) — 
{2, 4, . . . , 2(a — 1)}. Hence we get H is almost symmetric. 

We obtain the following corollary from Theorem 2.4 (3). 

Corollary 2.7. Let H be a numerical semigroup. Then H is almost symmetric with 
t{H) = 2 if and only if H is pseudo-symmetric. 

3. When is H* almost symmetric ? 

Let if be a numerical semigroup with maximal ideal M. If 7 is a relative ideal of 
H, then relative ideal H — I is called the dual of I with respect to H. In particular, 
the dual of M is denoted by H* . 

For every relative ideal / of if, i — i is a numerical semigroup. Since H* — 
H — M — M — M, H* is numerical semigroup. By definition, it is clear that 
g(ii*) = g(ii)-t(ii). 

In [BF] the authors solved the problem of when the dual of M is a symmetric. 

Theorem 3.1. [BF] Let H be a numerical semigroup. Then H is almost symmetric 
and maximal embedding dimension if and only if H* is symmetric. 

Example 3.2. On the Example 2.6 (2), H = (a, a + 2, a 4, . . . , 3a - 2) has 
maximal embedding dimension and almost symmetric. Hence we have that H* — 
if U {2, 4, . . . , 2(a - 1)} = (2, a) is symmetric. 

In this section wc will ask when is H* almost symmetric in general case (see 
Theorem 3.7). Surprisingly, using our criterion for H* to be almost symmetric 
Theorem 3.1 can be easily seen. 

Let if be a numerical semigroup. Then we set 

L(ii) := (a e if I a - m(ii) ^ H*}. 
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By definition we have that CardL(if) = m{H) - t{H) and Ap{H,m{H)) = {/ + 
m{H) I / e PF{H)} U L{H). We describe Ap{H*,m{H)) in terms of PF{H) and 
L{H). 

Lemma 3.3. Let H be a numerical semigroup. Then 

Ap{H*, m(H)) = PF(H) U L(H). 

Proof. Since H* ^ H U PF{H), clearly Ap(i/*, m{H)) D PF{H) U L(i7). 

Conversely we take a G Ap{H*,m{H)) and a ^ PF(if). Then a E H and a — 
m{H) ^ H*. Hence we have that a e PF(i/) U L{H). □ 

By Lemma 3.3, the Probenius number of H* is easy to compute. 

Proposition 3.4. [BDF] Let H be a numerical semigroup. Then 

F{H*) = F{H)-m{H). 

Proof. Clearly F{H) - m{H) ^ H*, by Lemma 3.3. Let x > F{H) - m{H) and h G 
M. Then x + h>F{H)-m{H) + h>F{H), thus we get F{H*) = F{H)-m{H). □ 

Every numerical semigroup is dual of maximal ideal for some numerical semigroup. 

Proposition 3.5. Let H be a numerical semigroup. Then there exists a numerical 
semigroup T <Z H such that T* — H. 

Proof. Let Ap(i7, h) = {Q < ai < ■ ■ ■ < au-i} for some h e H. We put T = 
(h, h + CKi, . . . ,h + ah-i). Since T has maximal embedding dimension, PF(T') = 
{ai < • • • < ah-i}. Hence we get T* = T U PF(r) ^H. □ 

Remark 3.6. In Proposition 3.5, such numerical semigroup T is not determined 
uniquely. Indeed, we put Hi = (5,6,8,9) and H2 = (3,7,8). Then PF(i?i) = 
{3, 4, 7} and PF{H2) = {4, 5}. Therefore we have H; = H* = (3, 4, 5). 

The following is the main Theorem of this section. 

Theorem 3.7. Let H (resp. H*) be an almost symmetric numerical semigroup. 
Then H* (resp. H) is an almost symmetric if and only ifm{H) — t{H) + t{H*). 

Proof. If H is almost symmetric, then 

2g{H*) = 2g{H)-2tiH) 
^F{H)-t{H) 

= F{H*) + m{H) -t{H). (by Proposition 3.4) 

If H* is almost symmetric, then 

2g{H) = 2g{H*) + 2t{H) 

= F{H*)+t{H*) + 2t{H) 

= F{H) + 2 t{H) + t{H*) - m{H). (by Proposition 3.4) 
Observing these inequalities, we deduce the assertion. □ 
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Using Theorem 3.7 we prove Theorem 3.1. 

Proof of Theorem 3.1. We assume that H is almost symmetric and maximal 
embedding dimension. Then m(i7) = t(i7) + 1. Hence we have 

i{H*) < 2g{H*) - ¥{H*) (by Proposition 2.2) 

= 2g(//) - 2i{H) - (F(H) - ui(H)) (by Proposition 3.4) 

= m(H) - t(H) 

= 1. 

This implies H* is symmetric. 

Conversely, let H* be symmetric. By Theorem 3.7, it is enough to show that 
m{H) = t{H) + 1. We assume m{H) > t{H) + 1. Then 

2g{H*) - F{H*) = 2g{H) - 2t{H) - {F{H) - m{H)) (by Proposition 3.4) 

> m{H) - t{H) 

> 1. 

Since H* is symmetric, this is a contradiction. Thus we get H is almost symmetric 
and maximal embedding dimension. □ 

Let H — {ai,a2, ■■■,an) be an almost symmetric numerical semigroup with oi < 
a2 < . . . < an- If e(i7) = n = ai (that is, H has maximal embedding dimension), 
then the maximal element of Ap(i/, Oi) is equal to a„. If n < ai, then the maximal 
element of Ap{H,ai) is greater than a„. 

Lemma 3.8. Let H = (01,02, ■■■,an) be a numerical semigroup and let n < ai. If 
H is almost symmetric, then maxAp(i7, ai) 7^ a„. 

Proof. We assume maxAp(if, ai) = a„. Since H is almost symmetric, by Theorem 
2.4 we have that 

Ap(i/, ai) = {0 < tti < • • • < < a^} U < • • • < /3ai-m-2}, 

where ai + am-i+i = an for all i e {1,2,..., m} and PF(if) = {/3i — ai < • • • < 
— ai < Qn — tti}. Siucc e{H) < m(if), there exist i such that = aj for 
some j. Hence we get a„ = Oj + for some k. But this is a contradiction, because 
a„ is a minimal generator of H. □ 

Proposition 3.9. Let H he an almost symmetric numerical semigroup with e{H) < 
m{H). Then the following conditions hold: 

(1) e{H) + 1 < t{H) + t{H*) < m{H), 

(2) t{H*)<e{H). 

Proof. (1) First, we show that t{H) + t{H*) < m{H). Since H is almost symmetric, 
we get 

2 g{H*) = F{H*) + m{H) - t{H) 

> F{H*) + t{H*) (by Proposition 2.2). 

This inequality means t{H) + t{H*) < m{H). Next, we prove e{H) + 1 < t{H) + 
t{H*). Assume that H = (oi, . . . , On) and m{H) = oi. Put PF{H) = {/i < • • • < 
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ftiH)-i < F{H)}. By Lemma 3.8, F{H) + ai ai for alH G {2, • • • , Oi - 1}. Also 
we have that for any j E {1, . . . , t{H) — 1}, fj ^ PF{H*) by the symmetries of the 
pseudo-Frobenius numbers of H. This means 

< A; := Card{ai | - Oi e PF{H)} < t{H) - 1. 

Hence we have the inequahty 

e{H) - {t{H) - 1) < e{H) -k< t{H*). 

(2) Let H = (ai, . . . , a.„). It is enough to show that FF{H*) C {F{H) - | 1 < i < 
n}. Take x G PF{H*). Since x ^ H*, we get F{H) - x e H hj 2.3 (2). We assume 
F{H) — a; G 2M, where M denotes the maximal ideal of H. Then there exist h E M 
such that F{H) — x — ai + h ior some Oj, this means F{H) E H, a, contradiction. 
Hence we have F{H) ~ x ^ 2M, that is, F(if) — x — for some i. Thus we obtain 
that PF(ii'*) C {F{E) - | 1 < i < n}. □ 

Corollary 3.10. Let H he an almost symmetric numerical semigroup. If e{H) — 
m{H) — 1, then H* is an almost symmetric with t{H*) > 2. 

Proof. Assume that H is almost symmetric. By Proposition 3.9 (2), if e{H) = 
m{H) - 1, then t{H)+t{H*) = m{H). We see from Theorem 3.7 that H* is almost 
symmetric. □ 

The converse of Corollary 3.10 is not known. But if we assume that H is sym- 
metric, then that is true. 

Corollary 3.11. Let H be a symmetric numerical semigroup with e{H) < m{H). 
Then e{H) = m{H) — I if and only if H* is an almost symmetric with t{H*) > 2. 

Proof. From Corollary 3.10, it is enough to show that H* is an almost symmetric 
with t{H*) > 2, then e{H) = m{H) — 1. We assume that H is symmetric and H* is 
almost symmetric with t{H*) > 2. Then by Proposition 3.9, we get t{H*) = e{H). 
On the other hand, using Theorem 3.7, we have t{H) +t{H*) — l + t{H*) — in(H). 
Hence e{H) = m{H) - 1. □ 

4. PROPORTIONALLY MODULAR NUMERICAL SEMIGROUPS 

Definition 4.1. [RGGU] A proportionally modular Diophantine inequality is an 
expression of the form ax mod 6 < cx, where a, h and c are positive integers. We 
denote by S(a, 6, c) the set of all integer solutions to this inequality. 

The set S(a, 6, c) is a numerical semigroup (see [RG]). 

Definition 4.2. [RGGU] A numerical semigroup H is proportionally modular if it 
is the set of all integer solutions of a proportionally modular Diophantine inequality, 
that is, H — S(a, 6, c) for some positive integers a, h and c. 

Let / be a closed interval and let (/) be a submonoid of M>o generated by closed 
interval /. We put S(/) = (/) fl N. It is easy to check that S(/) is a numerical 
semigroup. We call that S(/) is the numerical semigroup associated to /. It is 
known that every proportionally modular numerical semigroup can be realized as 
the numerical semigroup associated to a closed interval. 
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Our aim in this section is to give a formula for multiplicity of an opened modular 
numerical semigroups. As usual, for a rational number r, [rj denotes the largest 
integer not bigger than r. 

Proposition 4.3. [RGGU] Let a, b and c be a positive integers with c < a. Then 

b b 



S(a, 6, c) = S 



a a — c 



Conversely, every numerical semigroup associated to a closed interval is proportion- 
ally modular. 

A characterization of minimal generators of S(a, b, c) is given in [RGU2]. 

Theorem 4.4. [RGU2] Let H be a numerical semigroup with e{H) = n. Then H 
is proportionally modular if and only if for some rearrangement of its generators 
{ai, a2, a„} the following conditions hold: 

(1) gcd(aj, flj+i) = 1 for all i e {1, 2, n — 1} 

(2) aj_i + a,j+i = modoj for all i e {2, 3, n — 1}. 

The Frobenius number of proportionally modular numerical semigroup has been 
computed in [DR]. 

Theorem 4.5. [DR] Let a, b and c be a positive integers with c < a < b. Then 

F{S{a,b,c))^b 

where 5 = min [k e {1, 2, a — 1} | kbmoda + [^Jc > (c — 1)6 + a — c}. 
Next we consider proportionally modular numerical semigroups S{a,b, 1). 

Definition 4.6. [RU] A modular Diophantine inequality is an expression of the form 

ax mod 6 < x, with a and b positive integers. A mimcical semigroup is modular ii 
it is the set of integer solutions of a modular Diophantine inequality. 

By Proposition 4.3, modular numerical semigroup S(a, b, 1) is determined by 
closed interval [-, -^1. 

l-a' a— IJ 

Recall that a numerical semigroup of the form {0,m,m + l,m + 2, . . .} with a 
positive integer m > 1 is called a half-line. 

Definition 4.7. [RU] A numerical semigroup is opened modular if it is either a 
half- line or H = -^[) for some integers a and b with 2 < a <b. 

Theorem 4.8. [RU] Let H = S(\^, ^[) and let d = gcd{a,b) and d' = gcd{a-l,b). 

Then the following conditions hold: 

(1) F{H) = b, 

(2) g(H) = '-±^, 

(3) t{H) = d + d'-l, 

(4) S{[l^])^HUPF{H). 

By Theorem 4.8 (4), we obtain the following. 
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Corollary 4.9. Let H — S(]-,-3j-[) he an opened modular numerical semigroup. 
Then 

H 



a a — 1 

Since g{H*) = g{H) — t{H), we have the following. 

Theorem 4.10. [RGUl] Let H = S([J, ^]) for some integers < a < b. We put 
d — gcd(a, h) and d' — gcd(a — 1, 6). Then 

irr. b + l-d-d' 

S{H) = . 

From Proposition 3.4 and Theorem 4.5, we obtain a formula for multiplicity of 
S(]^, ill terms of a and b. 

Theorem 4.11. Let H — S(]|, ^[) for some integers <a <b. Then 

Sb 



m(H) = 



a 



+ 1, 



where 5 = min [k e {1, 2, a — 1} | A;6moda + [^Jc > (c — 1)6 + a — c}. 

Proof. By Proposition 3.4, wc get m{H) — F(H) — F(H*). We obtain the desired 
formula by using Theorem 4.5 and 4.8. □ 

Example 4.12. Let H = S (]^, ^[). From Theorem 4.8, F{H) = 11, g{H) = 6 
and t{H) = 1, hence H is symmetric. Also we have S = 2. By Theorem 4.11, 
m{H) = [^^J +1 = 5. Indeed, by direct computing we obtain that H = (5, 7, 8, 9) 
and FF{H) = {11}. Furthermore H* = HUFF{H) = (5,7,8,9,11) = S([^,^]), 
from Theorem 4.8 and Corollary 4.9. 

Let H be an opened modular numerical semigroup. Then 2g[H) = F{H) +t{H), 
from Theorem 4.8. Hence we have the following, using Theorem 2.4. 

Corollary 4.13. Opened modular numerical semigroups are almost symmetric. 
5. Proportionally modular numerical semigroups generated by 

THREE elements 

In this section H = (a, b, c) will represent a proportionally modular numerical 
semigroup generated by three elements. Prom Theorem 4.4, we can assume that 
gcd(a, b) — gcd(6, c) — 1 and db — a-\- dor some d > 2. 

Theorem 5.1. [RGU2] Let H — {a,b,c) be a proportionally modular numerical 
semigroup. Then H is symmetric if and only if d — gcd(a,c). Moreover, if H is 
symmetric, then 

(1) F{H) = s^^^^^, 

(0\ tr( H\ abc—ab—bc+a+c 

{^) g{J^) — 2(a+c) 


















I 
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Wc now let ip : k[X,Y,Z] — )■ k[H] = kit"' , t'' , f^] the A:- algebra homomorphism 
defined by (p{X) = t", (p(Y) = t*, and (p{Z) = and let p = p(a, 6, c) be the kernel 
of if. Then it is known that if H is not symmetric, then the ideal p = Ker((^) is 
generated by the maximal minors of the matrix 

/ JSC" y/3 ^7 
(*J I y/3' X"' 

Observing the matrix (*), we have the following. 

a + a' 
—a 
-a' 

It is easy to show that 

a = /37 + /3'7 + /3V, 
(**) h = 'ja + 7'a + 7'a', 

c = af3 + a [3 + 

Then PF(i7) = {aa + (7 + 7')c- (a + 6 + c), /3'6+ (7 + 7')c- (a + 6 + c)} (see [NNW]). 

Theorem 5.2. [NNW] Let iJ = (a, 6, c) &e a numerical semigroup. Then H is 

pseudo- symmetric if and only if a 13^ = 1 or a' (i'^f = 1. 

We assume that H = {a,b,c) is not symmetric proportionally modular numerical 
semigroup. Then the matrix (*) is 

By Theorem 5.2, we have the following results. 

Corollary 5.3. Let H — {a, b, c) be a proportionally modular numerical semigroup. 
Then the following conditions are equivalent. 

(1) H is pseudo-symmetric, 

(2) /3j = l or a' 13' = \, 

(3) d = ^ or 

Proof. By Theorem 5.2, the equivalence of (1) and (2) is obvious. 

(2) =^ (3). We assume that (2) is hold. Then the matrix (*) is 

X Y Z \ f X Y^ Z-^ 
y/3' z X''' J '''' \ Y Z X 

hence we obtain that d — l + /3'oicl + /3. By equation (**), this shows that d = ^ 
or d = £±i. 

(3) =^ (2). It suffices to prove that if d = then ^7 = 1. We assume d = 
Since a = 7' = 1, we have that 

a^/3j + f3'j + /?', 
6 = 7 + a' + 1, 
c^ 13 + a' 13 + a' 13'. 
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Prom this equations, 

Hence we get /37 = 1. □ 

Corollary 5.4. Let H = (a, b, c) he a proportionally modular and pseudo-symmetric 
numerical semigroup. Then by rearrange of its generators {a, c} we have that 

(1) ¥{H)=2{c-b), 

(2) g{H) = c-h + \. 

Example 5.5. Let H = (5, 7, 16). From Theorem 4.4, H is proportionally modular 
numerical semigroup. Then the matrix (*) is ( ^2 ^ y-s ) • Hence we obtain 



that H is pseudo-symmetric and PF(if) = {9, 18}. 

6. Gluing of numerical semigroups 
The concept of gluing of numerical semigroups was defined by [De] and [Ro] . 

Definition 6.1. [De], [Ro] Let Hi = (ai, 02, . . . , On) and H2 = (fei, &2, • • • , bm) be two 
numerical semigroups. Take y E Hi \ {ai, 02, ... , On} and x G i72 \ {^'i, ^'2, ■ ■ ■ , bm} 
such that {x,y) = 1. We say that 

H = {xHi, yH2) = {xai,xa2, . . . , xun, ybi, yb2, ybm) 

is a gluing of Hi and i?2- 

Theorem 6.2. [De], [Ro] Let H be a numerical semigroup other than N. Then H 
is complete intersection if and only if H is a gluing of two complete intersection 
numerical semigroups. 

The symmetry is preserved under gluing. 

Theorem 6.3. [De], [Ro] A gluing of symmetric numerical semigroups is symmetric. 
Therefore, every numerical semigroup that is a complete intersection is symmetric. 

Lemma 6.4. Let H be a numerical semigroup and let PF{H) — {fi < ■ ■ ■ < 
f,^H)-i < F{H)}. Then 

FiH) -fi< /t(i/)-i. 

Proof. Since F{H) — fi E PF(H) implies F{H) — fi = ft{H)-i, we assume that 
F{H) - /i ^ PF{H). Then there exist h e H such that F{H)-fi + he PF{H). 
Hence we have that F{H) — fi < ft{H)-i- D 

Now, let H — {xHi,yH2) be a gluing of Hi and H2 with {x,y) — 1 and xy e 
xHi n yH2. 

The following is the key lemma to calculate the pseudo-Frobenius numbers. 
Lemma 6.5. If H = {xHi,yH2) as above, then 

Ap{H, xy) ^{xs + yt\se Ap{Hi, y),te Ap{H2, x)}. 
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Proof. If s G Ap{Hi,y) and t e Ap{H2,x), then s — y ^ Hi and t — x ^ H2, thus 
we obtain xs + yt — xy = x(s — y) + y{t — x) + xy ^ H . Also, the cardinahty 
of {xs + yt \ s E Ap{Hi,y),t G Ap{H2,x)} is equal to xy. Hence we have that 
Ap(i/, xy) = {xs + yt \ s e Ap(i/i, y),t e Ap(i72, x)}. □ 

By using Lemma 6.5, we can calculate pseudo-Frobenius numbers of H. 

Proposition 6.6. If H = {xHi,yH2) as above, then 

PF{H) = {xf + yf + xy\fe PF{Hi), f G PF(i^2)} 

withi{H) = i{Hi)i{H2). 

Proof. Clearly xPF(//i) +yPF(/J2) + xy <Z FF{H). We take / G FF{H). From 
Lemma 6.5, there exist s G A]){Hi,y) and t G Ap(if2,a;) such that / = x{s — 
y) + y{t — x) + xy. It suffices to prove that s — y e PF(ifi) and t — x e PF{H2). 
li s — y ^ PF(ifi), then there exists h e Hi such that s — y + h ^ Hi, that is, 
x{s—y+h) ^ xHi C H. But this lead to H 3 f+xh — x{s—y+h)+y{t—x)+xy ^ H, 
which is impossible. □ 

Hence we have 

F{H) =xF{Hi) + yF{H2)+xy. 

Theorem 6.7. Let Hi and H2 be two numerical semigroups. Assume Hi or H2 is 
not symmetric. Then the gluing of Hi and H2 is not almost symmetric. 

Proof. Set PF(iJi) = {fi < ■ ■ ■ < f.^^^^^i < F(iJi)}, ^^2) = {/{<■■■< 
fl(H2)-i < F(i^2)} and FF{H) = {gi < ■ ■ ■ < g^^H)-i < F{H)}. We can assume 
F{Hi) > F{H2). From Lemma 6.4 and Proposition 6.6, we have that 

F{H) -9i< 9tiH)-i = xF{Hi) + yfl^H2)-i + 

and 

91 = xfi + yfi + xy. 
If F{H) -91^ 9t{H)-i: then we get 

F{H) = x{fi + F{Hi)) + y{fi + f[^H,)-i + ^) + ^V- 

By hypothesis, fi + F{Hi) G Hi and /{ + fl^jj^^_^ + x e H2. Namely, F{H) G 
{xHi, yH-^ — H. This is a contradiction. Hence we obtain that F{H) —gi < gt{H)-\- 
From Theorem 2.4, this shows that the symmetry of FF[H) does not hold and hence 
H is not almost symmetric. □ 

Example 6.8. (1) We set Hi = (6,10,11,13,14) and H2 = (7,8,10,13). Then 
PF(ii'i) = {7,8,15} and PF(i72) = {19}. Take x = 14 and y = 17. We sec from 
Proposition 6.6 that H = {UHi, I7H2) = (84, 119, 136, 140, 154, 170, 182, 196, 221) 
and PF{H) = {659, 673, 771}. Hence H is not almost symmetric. 
(2) Let T = (3, b, c) be a numerical semigroup with 3 < & < c. Since T has 
maximal embedding dimension, we have that T is pseudo-symmetric if and only if 
c = 26 — 3. We assume that T is pseudo-symmetric. Taking k E T\{3,b,c}, we put 
H = (2T, k) = (6, 2b, 2c, k), that is, H is the gluing of T and N. By Proposition 6.6, 
we get PF{H) ^ {2b + k - 6 < 2c + k - 6}. This means 

Ap(H, 6) = {0, 2b, 2c, k, 2b + k,2c + k}. 
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Since H* has maximal embedding dimension and c = 26 — 3, we get 
Ap(i/*, 6) = {0, 26, 2c, A;, 26 + A; - 6, 2c + A; - 6}, 

and 

PF(//*) = {26 - 6, 2c - 6, A; - 6, 26 + A; - 12, 2c + A; - 12} 
= {26 - 6, 46 - 12, A; - 6, 26 + A; - 12, 46 + A; - 18} 
Hence H* is almost symmetric. 

Acknowledgment. The author would like to thank professor Kei-ichi Watanabe for 
suggesting the problem and for useful discussion. 
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